Abstract. We consider the existence of blocking semiovals in nite projective planes which have intersection sizes 1; m + 1 or n + 1 with the lines of the plane, for 1 m < n. For those prime powers q 1024, in almost all cases, we are able to show that, apart from a trivial example, no such blocking semioval exists in a projective plane of order q. We are able to prove also, for general q, that if q 2 + q + 1 is a prime or three times a prime, then only the same trivial example can exist in a projective plane of order q.
Using MAGMA 9], we were able to show that for q a prime power less than or equal to 1024, there is only a small number of possibilities which we have as yet neither classi ed nor eliminated. The only additional semiovals found were for q = 7, where semiovals of size 19 and type (1; 3; 4) which partition the plane were found (these were also recently discovered by Innamorati and Maturo 14]), and for q = 211, a blocking semioval on 1147 points of type (1; 2; 3; 4; 5; 6; 7; 8; 10) was found. Again, we get a planar decomposition by this semioval. The method of construction for both, using a Singer cycle, is described in Section 2.
Additionally in Section 2, a number of arithmetic conditions on blocking semiovals of type (1; m + 1; n + 1) are given, and families of possible parameters exhibited. The principle result in this direction is:
Theorem 2.3 Let q > 4 be a square prime power, and let be a projective plane of order q. Then a blocking semioval of type (1; p q ? (1 + ) ; p q + 1) and size (q + p q + q)( p q ? (1 + ) ) is arithmetically feasible in if and only if +2 (q + p q)
is an integer with 0 p q ? 3.
The main results of non-existence are presented in Section 3 with the following two theorems. Theorem 3.2 Let be a projective plane of order q 2 such that q 2 + q + 1 is prime. Then the only blocking semioval of type (1; m + 1; n + 1), 1 m < n, in is a triangle with vertices deleted. Theorem 3.3 Let be a projective plane of order q 2, q 6 = 7, such that q 2 + q + 1 = 3p, p prime. Then the only blocking semioval of type (1; m + 1; n + 1), 1 m < n, in is a triangle with vertices deleted.
The \unique tangent" condition ascribed to semiovals has been generalized in the concept of \strong representative system". Blokhuis and Metsch 4] , for instance, use this setting to show that any semioval or minimal blocking set on q p q points for q square and q 49, must be part of a unital. Hence no minimal blocking set of this size exists. We discuss this, as well as some of their other results, further in Section 3.
In Section 4, we summarize our results and pose several conjectures.
2. Arithmetic Conditions. In this section, we begin with a lemma which describes the various arithmetic conditions which constrain the parameters of our semiovals. Some divisibility conditions are also given, from which a fairly weak nonexistence result can be derived; this result is however useful in eliminating one potential case later. We conclude with some examples.
First we need some notation. Let be a projective plane of order q, and let S be a blocking semioval with three intersection numbers in . Let v denote the number of points in S, and let m + 1 and n + 1 denote the nontangent line intersection sizes of S, where we may assume without loss of generality that m < n. As every point of S lies on exactly one tangent, it is a simple computation to show that there exist constants a and b such that every point of S lies on exactly b (m + 1)-secants and a (n + 1)-secants. The numbers (v; m + 1; n + 1; a; b) are called the parameters of the blocking semioval S.
We can now prove the following: Proposition 2.1. Let be a projective plane of order q > 2, and let S be a blocking semioval in with parameters (v; m + 1; n + 1; a; b). Then the following conditions hold: v = 1 + an + bm (1) q 2 + q + 1 = v 1 + b m + 1 + a n + 1 (2) a + b = q (3) m < p q (4) v (m + 1)(n + 1)
m + n q (6) Further, equality holds in Inequalities 5 and 6 if and only if S is a triangle with vertices removed. (m + 1)-secants, and va n+1 (n + 1)-secants to S. The sum of these three numbers must equal the number of lines in the plane q 2 + q + 1, which establishes the equality.
Inequality 4 can be proven by contradiction. Suppose m p q. As n > m, we know n > p q as well. Using our second condition, we have v = 1 + an + bm > 1 + a p q + b p q. This latter expression equals q p q + 1 using our rst condition. However, no semioval may contain more than q p q +1 points (see Hubaut 13] ), which is our contradiction.
To establish Inequality 5, we proceed by assuming v (m + 1)(n + 1). We compute:
v (m + 1)(n + 1) 1 + an + bm mn + m + n + 1 (using Equation 1) an + (q ? a)m mn + m + n (using Equation 3) (a ? 1)n + qm ? (a + 1)m mn (a ? 1)(n ? m) + (q ? 2)m mn As a 1 and n > m, we know the term (a ? 1)(n ? m) is nonnegative, which implies (q ? 2)m mn, with equality if and only if a = 1. This forces n q ? 2, again with equality if and only if a = 1. If a > 1, then n > q?2, which forces some line to meet S in at least q points. From Dover 11] , this can only happen in PG(2; 3), and in that one case, v = (m+1)(n+1).
However if a = 1, this quickly forces b = q ? 1 and n = q ? 2. Using Equations 1 and 2, one can solve for m to nd m = 3, which forces v = 3q ? 3. Again from Dover 11] We note here that the triangle forms a blocking semioval in all planes of order q > 2, yet we did not include the cases q = 3; 4 in the previous Proposition. The reason is that if q = 3, this would force m to be greater than n, contrary to our assumption that m < n. In the case q = 4, m = n and our blocking semioval has only one non-tangent intersection number, not two. As mentioned in the introduction, this forces the vertexless triangle to be a unital when q = 4.
We now give a result which describes a family of feasible parameters for every q > 2 of square prime power order. Unlike Proposition 2.2, we know of no semioval with these parameters which exists. As the right side of this equation is an integer, the left side must be as well, which implies that n + 1 divides va.
Thus our parameter set satis es all of the conditions of Propositions 2.1, and is arithmetically feasible. with the rst parameter set being arithmetically feasible for all q 9.
Proof. The rst corresponds to the trivial case = 0, while the second corresponds to = 2, which requires p q 5, as p q ? 3.
As mentioned previously, it is unknown if blocking semiovals with these parameters exist. Blokhuis and Metsch 4] have shown that the parameter set in Theorem 2.3 with = 0 cannot correspond to a real blocking semioval when q is odd, but no other results about these parameters seem to be known. Table 1 details all arithmetically feasible parameters of all prime powers up to and including 1024, excepting those parameters shown to be feasible in Proposition 2.2 and Theorem 2.3. For omitted orders, the parameters given by the applicable results above are the only possibilities.
An exhaustive computer search using the package MAGMA 9] was used to obtain these possibilities for those values of q which could not be eliminated using the results of the next section. We note that Inequality 4 was strongly used in this search to limit the possibilities for m.
Notice that very few semiovals of our type are known to exist. (Here we mean in the sense of shape, and not necessarily up to isomorphism. In a non-Desarguesian plane, there may exist many projectively inequivalent triangles, for example.) The only non-triangular example known to us is that of Innamorati and Maturo 14] . The construction method they use has been generalized by Batten 2] Proof. By way of contradiction, suppose m does not divide q?n. Let P be a point not on S, and suppose P lies on x tangents, y (m+1)-secants and z (n+1)-secants to S. Assume Proof. Let p = q 2 + q + 1 and S be a blocking semioval of type (1; m + 1; n + 1), 1 m < n, on v points in . By Equation 2 of Proposition 2.1, p(m + 1)(n + 1) = v (m+1)(n+1)+a(m+1)+b(n+1)]. Since v must be less than p, v j (m+1)(n+1).
By Inequality 5 of Proposition 2.1, S is a triangle with vertices deleted.
Since approximately half of all values of q 2 +q+1, q a prime power, are congruent to 0 modulo 3, it is worthwhile examining the case when 3 divides the number of points in the plane. In case q = 7, q 2 + q + 1 = 57 = 3 19, and as we saw in the previous section, there is a semioval decomposition of the plane of the type wanted. We show next that for q 2 + q + 1 equal to 3 times a prime, the case q = 7 is the only one in which a non-trivial semioval of our type can occur. which is false for q 2. From the rst of these, we obtain 4q > 6n + 2m + 4. On the other hand, using Equations 1 and 3 of Proposition 2.1, and assuming b q ? 2, we obtain q 3(n + 1)=2 ? (n ? 3)=2m + 2. Putting inequalities together, we get 6n + 2m + 6 4q 6n + 6 ? 2(n ? 3) is a square only if m = 1 (implying q = 4) and in this case, we obtain the triangle with deleted vertices. The cases m = 2; 3 and 4 can be eliminated in the same way. For instance, m = 4 yields (3n + 3) 2 + 108 a square, implying that 108 factors as (x + y)(x ? y) where y = 3n + 3. This is not possible for n an integer larger than 1. Finally, suppose a = 1, b = q ? 1. By Proposition 2.7, m j v ? (q + 1), which implies 2m j 3n ? 2q + 1. So 2m j 2q(3n ? 2q + 1). But from Equation 9, using 3p = q 2 + q + 1, we get 2(q 2 + q + 1) = 3(m + 1)(n + 2) + 3(q ? 1)(n + 1), from which m j 2q 2 ? q ? 3qn ? 1. It follows that 2m j 4q 2 ? 2q ? 6qn ? 2 + 2q(3n ? 2q + 1) = ?2.
The situation m = 1 was dealt with above.
In order to eliminate the possibility that v = 3(m + 1)(n + 1), we rst show that it implies b = q ? 2, or n = (q ? 1)=3 or (q ? 1)=4, or m 2. Suppose rst that a = 1. By Proposition 2.7, we must have m j v ? (q + 1). As v = 3(m + 1)(n + 1), this implies m j 3n ? q + 2. But from Equation 9 , we obtain 3p = q 2 +q +1 = 3 (m+1)(n+1)+(m+1)+(q ?1)(n+1)] = 3m(n+2)+3+3qn+3q and so (q ? 1) 2 = 3m(n + 2) + 3 + 3qn. It follows that m j (q ? 1) 2 ? 3qn ? 3 2))=2 = 3n ? 1, or q ? 1 < 3m + 1 < 3 p q + 1. In this latter case, q 12. But 3 j q 2 + q + 1 implies q 6 = 8; 9; 11; 12 and no projective plane of order 10 exists (see Lam, et.al. 15] ).
Thus this case is eliminated. Consequently, n < q=3. Again, q 1(mod3), since 3 j q 2 + q + 1, and thus (q ? 6)=3 n < q=3 implies 3n = q ? 1 or q ? 4.
We proceed to eliminate each of the above cases. From above, q = 3xm+x? In attempting to generalize Theorem 3.3 to q 2 + q + 1 a product of (necessarily distinct, by Lemma 3.1) primes, we have only had partial success. We summarize this in the next result.
Proposition 3.4. Let be a projective plane of order q 2 such that q 2 +q+1 = p 0 p; p 0 , and p both prime, with p 0 < p. Let If we now suppose that p 0 jn + 1, the argument is completely analogous, and introduces only the last possibility that p 0 ja.
Before leaving this section, we consider two extremal cases: rst, we look at the case where m = 1. Second, we notice that no semioval of our type can have size q p q + 1; we address the next possibility in a square order plane, i.e. v = q p q. Proof. No point of exterior to S is only on tangents to S, as this would force S to have exactly q + 1 points, which is too small to be a blocking set by Bruen 7] . Nor is any such point only on 2-secants, as this would imply v = 2q + 2, giving by Equation 2 of Proposition 2.1, 2(n+1)(q 2 +q +1) = 2(q +1) 2(n+1)+2a+b(n+1)].
Since (q 2 + q + 1; q + 1) = 1, we obtain q + 1jn + 1 while n + 1 q ? 1. Similarly, if an exterior point is only on (n + 1)-secants, then v = (n + 1)(q + 1) and this same Equation results in 2(q 2 + q + 1) = (q + 1) 2(n + 1) + 2a + b(n + 1)], a contradiction.
Let an exterior point be on x 2-secants and y tangents and assume it is on no (n + 1)-secants. Then 2x + y = v and x + y = q + 1. So x = v ? (q + 1) and y = 2(q + 1) ? v 0. The case of 2(q + 1) = v was eliminated in the rst paragraph, and Dover 12] shows that for any blocking semioval S in a plane of order q > 3, jSj 2q + 1 so it su ces to consider v = 2q + 1. By Equation 2 of Proposition 2.1,
. Any mutual divisor of q + 2 and 2q + 1 divides 3, so that 2q + 1j(n + 1)(q + 2) either leads to the contradiction 2q + 1jn + 1 or to 2q + 1j3(n + 1) in which case n 2(q ? 1)=3. If n < 2(q ? 1)=3, the above argument implies that each exterior point is on an (n + 1)-secant. By the rst paragraph, no point is only on (n + 1)-secants, so these secants form a dual blocking set and the result follows from Bruen 7] . 4. Conclusion. We have given a number of conditions which constrain the possible parameters of a blocking semioval with three intersection numbers; while these conditions have eliminated many possibilities, the remaining cases seem very di cult to work with. Indeed, we conjecture that there are no blocking semiovals with three intersection numbers other than the triangle and the sporadic example when q = 7.
On a more optimistic note, we suspect that some of the remaining sporadic cases may be attackable. For instance, the parameters (56; 2; 8; 5; 20) for a blocking semioval of our type in a plane of order 25 could be analyzed. Indeed, a cursory analysis shows that if such a semioval were to exist, it would imply the existence of a blocking set of size 35 and type (1; 2; 5) in that plane. It is not known if such a set can exist.
One pattern which our data indicates is that in a projective plane of order q, where q 2 + q + 1 is the product of two distinct primes, the parameters of the triangle is the only arithmetically feasible parameter set for that order. Proposition 3.4 summarizes our results in this direction, but we conjecture that this is true.
As a nal comment, we note that if q = 2 2k+1 for 1 k 5, the only arithmetically feasible parameter sets for a semioval of our type are those of the triangle. We conjecture that this is true for all k 1.
